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Abstract 

We give an 8-dimensional realization of the Clifford algebra in the 5-dimensional 
Galilean space-time by using a dimensional reduction from the (5+1) Minkowski 
space-time to the (4+1) Minkowski space-time which encompasses the Galilean 
space-time. A set of solutions of the Dirac-type equation in the 5-dimensional 
Galilean space-time is obtained, based on the Pauli representation of 8 x 8 
gamma matrices. In order to find an explicit solution, we diagonalize the Klein- 
Gordon divisor by using the Galilean boost. 
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1 Introduction 



Nearly twenty years ago, Takahashi investigated the reduction from a (4 + 1) Galilean 
covariant manifold to the Newtonian space-time (with 3-dimensional space) as means 
to build non-relativistic many-body theories by starting with Lorcntz-likc, manifestly 
covariant, equations [1]. This 'Galilean manifold' is actually a (4+1) Minkowski space- 
time with light-cone coordinates, which is reduced to the usual Newtonian space-time 
[2]. Galilean covariant theories for the Dirac-typc fields have been developed by using 
a 4-dimensional realization of the Clifford algebra in a 5-dimensional Galilean space- 
time [2]. Therein, we have 16 independent components that may be expressed as 
7^ = I, 7^, cr^jy, with fijU = 1, . . . , 5 [3]. Unfortunately, none of the pseudo-tensor 
interactions of rank 0, 1 and 2 can be introduced into 5- (or any odd-) dimensional 
theories, because they admit no '7^ matrix' which corresponds to the 7^ of the (3 + 1) 
Minkowski space-time. A 4-dimensional realization of the Clifford algebra in the (4 + 
1) Minkowski space-time requires 7^ as a fourth spatial element of 7^s. Motivated by 
this fact, wc discuss in this article an 8-dimensional realization of the Clifford algebra 
in the (4 + 1) Galilean space-time. Thus our formulation involves two successive 
dimensional reductions: from the (5 + 1) Minkowski space-time to a (4 + 1) Minkowski 
space-time, which corresponds to the 5-dimensional Galilean extended space-time 
mentioned earlier, and then from this extended manifold to the usual Newtonian 
space-time [4]. 

Parity refers to a reversal of orientation of the spatial manifold. This corresponds 
to the reversal of coordinates in even-dimensional Minkowski space-times. In odd- 
dimensional space-times, in which the number of spatial coordinates is even, the 
reflection of spatial manifold has determinant equal to one and hence it is continuously 
connected to the identity, and so can be obtained as a rotation. Therefore, we must 
define parity as the reversal of sign of an odd number of spatial coordinates in order 
to reverse the orientation of the spatial volume. This is the reason why we start in 
the (5 + 1) Minkowski space-time in order to define parity operation in the (4 + 1) 
Galilean space-time. 

The development of 8-dimensional gamma matrices for the Dirac equation is mo- 
tivated by applications to problems like the beta decay in the 4-fermion Lagrangian 
of the V — A theory. This requires an evaluation of operators like 

V^^7^(i - 7^)V/. Va''(i - 7')V'i, 

which are a combination of the hadron and lepton currents. Hence the necessity to 
have a 7^ matrix which provides us with a chirality operator. The leptonic part will 
be Poincare invariant and the hadronic part will be Galilean invariant. The simplest 
example is the neutron decay: 

n — > p -\- e~ -\-V. 

This will provide us with an amplitude that still possesses a symmetry instead of just 
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using an expansion in terms oi p/m, thus destroying any symmetry in the hadronic 
part. 

Another apphcation of 7^ matrices is in deriving an N—N potential with a pseudo- 
vector or pseudo-scalar coupling. Although there is no Yukawa coupling in Galilean 
covariant theories, it is still possible to define a 4-point coupling. This will provide an 
analogue of the 7r-mcson exchange N — N potential in the Poincare-invariant theories. 
In addition, it is obvious that the interaction term has similarities with the Nambu- 
Jona-Lasinio theory [5] . Such a development may also be followed in order to obtain 
further results for the strongly interacting hadronic systems. Our purpose is to make 
progress along these lines with a Galilean covariant theory in (4 + 1) space-time. 
However, in order to define the 7^-like matrix, it is necessary to further extend the 
theories to a (5 + 1) Minkowski manifold. Results of this article are therefore quite 
important in order to gain an understanding of the associated physical phenomena. 

In section 2, we give an 8-dimensional realization of the Glifford algebra in the 
(5-1-1) Minkowski space-time. Then, in section 3, we construct wave functions for 
the Dirac equation in this space-time. By dimensional reduction from the (5 + 1) 
Minkowski space-time to the (4 + 1) Minkowski space-time, we obtain 8x8 gamma 
matrices obeying the Ghfford algebra in the (4 + 1) Galilean space-time in section 4. 
The construction of wave functions for the Dirac-type equation in the (4 + 1) Galilean 
space-time is performed in section 5. The final section contains concluding remarks. 

We establish the commutation and anticommutation relations of 8 x 8 gamma 
matrices in appendix A, and their trace formulas in appendix B. Fierz identities are 
developed in appendix G. Finally, in appendix D, we give explicit forms of wave 
functions obtained in sections 3 and 5. Throughout this work, we use the natural 
units, in which h — 1 and c—1. 

2 An 8-dimensional realization of the Clifford al- 
gebra in the (5 + 1) Minkowski space-time 

Before we turn to the 8-dimensional realization, we begin this section by recalling 
some useful properties of representations of the gamma matrices. The 7-matrices 
obey the Glifford algebra: 

{7^7''} = 2^^^ (1) 

where we choose the metric tensor to be given by 

5^, = diag(l,l,l,l,l,-l) = <7^^ (2) 

such that 

If 7'' and 7''* are two irreducible sets of gamma matrices which satisfy the Glifford 
algebra given in Eq. (1), then there exists a non-singular matrix S such that 
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By taking this matrix to be equal to 

^ = 7° = -70, 

where (7°)^ = —1 and (7") ^ = —7° = 70, we can define the Hermitian conjugate of 
7'^ as follows: 

(7^)^ = -(7°)"SV = 7V/- 

This reads explicitly as 

{li=l\ (^ = 1,2,3), 
(7")^ = 7", (a = 4, 5), 
(/)t ^ = (/)-^ 

The transposition of gamma matrices is defined by taking S to be equal to 

S = C = -7°^, (3) 

so that the transpose is obtained as follows: 

= -C-17'^C = -C-^f (7V7°) 7°^", 

= c~\^'r\r)^^'c, (4) 

Note that 

where, with * denoting the complex conjugation, 

2.1 An 8-dimensional realization of the Clifford algebra 

In order to obtain an explicit form of 8 x 8 gamma matrices in a 6-dimensional 
space-time, let us introduce the following nine matrices: 

p = a ® I ® I, 

TT = 7 (8) (7 7, (5) 
S = 7 (g) 7 (7, 

where a are the Pauli matrices: 

^=(0 i)'^i=(i o)''"^=(i o')'''=^^(o -i)- 
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Then the matrices defined in Eq. (5) are 



Pi 







4x4 



/ \ 
I 



I 

V / 

/ I 

I 







4x4 



04x4 

/ a 
a 



04x4 

/ 
/ / 

04x4 



P2 



TT2 







'4x4 



iJ 

\ il 

/ -il 
il 



V 



O4 



x4 



-il 
-il 

04x4 
04x4 

-il 
il 



/ 
\ 



P3 



/ I 
I 







4x4 



04x4 

/ I 
-I 







4x4 



V 







4x4 



/ 





V 







'4x4 



a 
a J 



The following relations hold among these matrices: 

[Pk, Si] = [TTfc, Si] = [pk, TTi] = 0, 
PkPl = Ski + i^klmPm, 
[Pk, Pi] — '^^^klmPm, 

{Pk:Pi}^'^hh k, I, 1,2,3, 

with similar relations for the tts and Ss. 

To complete our construction, we introduce three mutually orthogonal unit vec- 
tors, m, n, and 1, which are utilized to express the gamma matrices as follows: 



m • p = 17^, 

(m X n) • p = 7^ 

(n ■ p) (m ■ tt) = 7^, 
(n ■ p) (1 ■ tt) = 7^, 
(n • p) (n • tt) S = 7. 



(6) 



We can prove that the 7'^s given by these equations satisfy the Clifford algebra 
(1), and that j'^ can be cast in the following form: 



7' = l^e^.XparYYl'YrY 



with 



^012345 — ~C 



012345 



"^123450 — ~1- 



Commutation and anticommutation relations involving the 7-matrices in a (5 + 1) 
Minkowski manifold are given in appendix A.l, and the corresponding trace relations 
are in appendix B.l. 

In the next section, we discuss specific definitions of m, n and 1 which, in turn, 
lead to a particular representation of the Dirac matrices. 
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2.2 The Pauli representation of gamma matrices 

In this section we construct a representation, in which i7° is diagonal, that we shall 
refer to as the 'Pauli representation' of 7-matrices. It is obtained by choosing 

m= (0,0,1), n= (0,1,0), 1= (1,0,0). 



v 



Therefore, we find 

17° = P3 = era ® ^ ® = 

7''' = —pi — —(J\ ® I ® I = 

7^ = P27r3 = (72 (g) 0-3 (g) / = 

75 = p27ri = (72 <8) (7i (8) 7 = 



/ I 
I 



04x4 



04x4 
/ 

04x4 

il 
\ -il 

04x4 

il 
\ il 



04x4 

-/ 
-/ J 

-I \ 
-I 







'4x4 



-il \ 
il 



J 



(7) 



04x4 

-il \ 
-il 



7 = P27r2S = (72 (8) (72 (8) (7 



04x4 

-(T \ 

a 

(7 

V -a / 



O4 



Note that this representation is equivalent to the one described in Refs. [6, 7]. We 
can prove it by choosing the following representation: 



which leads to 



m= (1,0,0), n= (0,0,1), 1 = (0,1,0), 



i7° = Pi = sf\ 
7^ = -P2 = -Sr, 

5 ■^(3) 



7^= = P37r3Efe = E^^^^„ (A; = 1,2, 3), 



where eI^^ (a = 1,...,7) is in the notation defined in Eq. (4.1) of Ref. [6]. 
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2.3 Number of independent gamma matrices 

Let n be the dimension of space-time, so that the number of Fs is 2". Since we have 



k=0 ^ k=0 



and a completely antisymmetric tensor of rank k has independent elements, then 
the number of independent Fs is 

n 

nCo + nCl + • • • + nCn = = + = 2" 

fc=0 

Thus there exists 2" hnearly independent matrices: 

= '^Mi-Mfc.f'i-i'fc'^ ^ ■ ■ '7 (/c = 0, 1, . . . , n), 

where o?^'^^ are operators, described in Ref . [8] , which project out the totally antisym- 
metric part of a rank-Zc tensor. 

In the case of 6-dimensional Minkowski space-time, we have 2® = 64 independent 
gamma matrices, which we write as 

r(o) = I, (I is the 8 X 8 unit matrix), 
(U — 7m' 

1^(5) £ 7 



(6) _ _ 7 

fiupaXr ~ ^pupaXrJ ■ 



To show properties under the Lorentz transformations, we choose the following 64 
linearly independent matrices: 

7a = 1, 7^ 7m' 17^7/., CT/xi., 7^0-^'^, ct^^^a, 

satisfying 

7'^7a = I, (no summation over ^4), 
Tr{^A) = 0, if 7A 7^ I, 

as well as 

By using the charge conjugation matrix C of Eq. (3), we can separate the 7as into 
symmetric and antisymmetric elements as 

(7AC)a/3 = ^A{lAC)pa: (8) 
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or, equivalently, 
where 

^ r +1 for C, t'^o-^z.C, axfivC, , . 

\ -1 for77C,7^C,i7VC,(J^.C, ^""^ 

We have used the relation — — C* . 

Note that the lowercase indices from the beginning of the Greek alphabet, a, /3, 7, 
etc. denote spinor indices, and the lowercase indices from the middle of the alphabet, 
^, A, etc. are tensor indices. 



2.4 Parity 

The parity matrix, denoted IT, is defined by imposing that the equation of motion be 
invariant under the discrete transformation of space reflection: 

X ^ X — ^ X ^ X ^ X ^. 



Consider the Dirac field, then the requirement reads 

,-W,rn^{-' ^J^^^' (10) 

where the matrix 77 is defined as 

V = i7°- (11) 

Hence the Dirac equation is invariant under the space refiection. 
The parity matrix may be expressed by 

n = 7S'7°- 



3 Construction of wave functions for the Dirac 
equation in the (5 + 1) Minkowski space-time 

In this section, we obtain the wave functions for the Dirac equation of motion in 
the extended (5 + 1) Minkowski manifold. We adopt the methods of constructing 
wave functions developed by Takahashi [9], in which the Klein-Gordon divisor is 
diagonalized by using the Lorentz boost. 

The Dirac equation for massive particles with mass m is expressed in the form: 

K{d)i;{x) = 0, (12) 

where the operator A{d) is given by 

A(d) = -(7-9 + m). 



7 



Here, the scalar product is denoted hy A - B and defined by 

A-B^ g^.uA^'B'' = A'B' + A^B" - A°B^, 

where the lowercase indices from the beginning of the Latin alphabet, a,b,c, etc. take 
the values 4 and 5, and the lowercase indices from the middle of the Latin alphabet, 
i, j, k, etc. run from 1 to 3. 

The adjoint equation to Eq. (12) is obtained by taking its Hermitian conjugate: 

i^{x) A(- d) = 0, 

{d denotes the left-derivative) with 

^{x) — ip^{x)r]. 

We assume the existence of a non-singular matrix rj which satisfies the relation: 

ivHd)]^ = 7]A{-d). (13) 
This condition is equivalent to requiring the hermiticity of the Lagrangian in the form 

C{x) =^{x)A{d)ilj{x). 

Thus we choose r] as in Eq. (11). 

The operator d{d), reciprocal to the operator A{d) of Eq. (12), is defined by 

A{d)d{d) = d{d)A{d) = (a' - m')I 

This reciprocal operator is called the 'Klein-Gordon divisor'. It is given by 

d{d) = -(7-9-m). 

The Dirac field ip{x) and its charge-conjugate field ipc'{x) can be expanded in terms 
of c-number wave functions with positive and negative frequencies, represented by 
Up\x) and Vp\x), respectively, and two kinds of creation and annihilation operators: 

r 



where 



= E./dp dY K^(x)6W(p,p«) +^;r(x)aWt(p,p»)], 

{aW(p,p"),a('-')t(p',p'»)} = 5rr'S(p - p')5(^)(p« -p'"), 
{feW(p,p"), 6('-')t(p',p'«)} = 5rr'5(p - p')5^'\p^ - p'% 



8 



and all other commutators of similar type vanish. We use the notation 
= dp'dp'' and 5(2) (p" - p'") = - - p"'). 

The function Vp \x) is defined by 

The charge conjugation matrix C*, defined by Eq. (4), satisfies 

[r^mr = m-d)r = C'-^r^A(-9)C'. 
It is convenient to take the functions Up \x) to be eigenvectors of the operator 

By substituting the Fourier transform of Up^ {x) into this equation, we find 

u^;\x)^U{x) i.('-)(p,p«), 

v'^;\x) = f;{x) v^'\py), 

where 

U{x) = (27r)-^/^ e'^•^ 
and 

p° = Vp • p + (p^)' + {p^y + 

By following the prescription developed in chapter 5 of Ref. [9], we obtain the 
orthonormality condition and the closure properties in the momentum representation: 

T;(^')(p,p«)i7%('-)(p,p") = <^r.', 

r 

E^anP,P'^y^^^(P,P") = -2^^/(-i^^)- 

r 

Consider a Lorentz transformation matrix L(p,p") given by 



Then we have 

L-^(p,p«)7'^L(p,p") = A^,(p,p«)7^ (15) 
9 



where 

\m m m 

\ m(p^ + m) m\jr + mj m/ 

" \m(p° + m) m(p^ + m) m J 

The transformation coefficients A'^^^ satisfy the relation 

as is expected, and hence they induce the homogenous Lorentz transformation. It 
follows from Eq. (15) that 

L-\p,p^)d(ip)L(p,p^) = m(I + i7°). (16) 

The factor (I + ij^) plays a crucial role when constructing wave functions, because 
we find the following key relations from this factor: 

L(p,p«)(I + i7°) = , .\ , , ci(ip)(I + i7°), 

yf Imyjr + m) 

(I + i7°)Lt(p,p«)r7 = (I + i7°)L-i(p,p«), 
where we have used the relation 

7°Lt(p,pV = -i^"'(P,P")- 

Note that Eq. (4) leads to the useful relation: 

C'L*(p,p«)C'-^ = L(p,p"). 

If we choose the Pauli representation for the gamma matrices, the relation (16) states 
that the Klein-Gordon divisor is diagonalized by the Lorentz boost (14). 

The helicity operator h is defined in terms of the rank-3 Pauli- Lubanski tensor: 

11 I p^ 

2 IpI 2 IpI 

where is defined in Eq. (5), and the complete Pauli-Lubanski tensor is given by 

1 p OLT 

By using the representation of gamma matrices given in Eq. (6), we find 

[L(p,p<^),/i] = 0. 
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To diagonalize the helicity operator (17), we introduce the following unitary matrix: 
S(p) = \ [(1 + n')I + in^Ei - in'E,], (18) 

where 

IpI 

By using the matrix (18), we can prove the relation 

S-\p)hS{p) = ^Ss, 

where E3 is defined in Eq. (6), hence the helicity operator h is diagonalized by S{p). 
The definition in Eq. (18) implies that 

^^^(p)^-^ = S{p). 

By noticing that 

Ch*C-^ = -h, 

we find 

/l«M(p,p") = ^6M«M(p,p»), 

and 

hv^''\p,p'') = hCu^''^*{p,p'') = -^e('')^;('^)(p,p"), 
in the Pauli representation, where r runs fi:om 1 to 4, and e^*"^ is given by 



1 for r = 1, 3, 
-1 for 2, 4. 



Wave functions are constructed in the Pauli representation for gamma matrices 
as follows: 

h£u^;\p,p'^) = ie('^u^:\p,p''), 

= :yt^haldi\p)Lip,p'^)Sip)];, 

= J^h£[L{p,p^)l{I + i^')S{p)]p^, (19) 



1 1 



-i7-p + m)i(I + i7°)5(p)S3]J-, 



uir)P(^p^pa^^a ^ le^M (p, p") , 

^[5^Hp)|(I + i7°)^-HP:7^")]/V' 

[E35-l(p)i(I + i7°)(-i7•p + m)],^ 



I 1 



2 ^2p0(p0+m) 

11 



[(i7-p + m)|(I-i7°)5(p)E3C']„„ 



a 



= [(7-i5-i(p)l(I - i7°)L-Hp,p'^)]'-%, 

= -i^^fe) [^-^S3^-Hp)|(I-i/)(i7-P + -) 
where the charge conjugation matrix, obtained from Eq. (4), is given by 



C 



04x4 

-i(T2 
-i(72 



-10-2 







4x4 



\ 
-ia2 

/ 



(20) 



(21) 



To obtain the exphcit form of the charge conjugation matrix, we have to fix a rep- 
resentation of the gamma matrices. We thus found the matrix (21) in the Pauh 
representation. Exphcit forms of wave functions of the form (19) to (20) are shown 
in the appendix D.l. 



4 An 8-dimensional realization of the Clifford al- 
gebra in the 5-dimensional Galilean space-time 

In this section, we turn to the reduction from the (5 + 1) Minkowski manifold to 
the (4 + 1) Gahlean space-time. More specifically, we exploit the results found in 
the previous sections to obtain 8x8 gamma matrices (denoted F) in the Galilean 
space-time, from the gamma matrices (denoted 7) defined on the extended Minkowski 
manifold. 

Consider the 5-dimensional Galilean space-time with light-cone coordinates, x'^ 
{fj. = 1, . . . , 5), with the metric tensor: 



The coordinate system {n — 1, 2, 3, 4, 0), defined by (see Ref. [2]) 

y = x, y^=l={x'-x'), y'^=l={x^ + x'), (22) 

admits the diagonal metric of Eq. (2). Therefore, the 5-dimensional Gahlean space- 
time corresponds to a (4 + 1) Minkowski space-time, so that it is possible to describe 
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non-relativistic theories in a Lorentz-like covariant form. A further reduction, to the 
Newtonian space-time, is needed, as explained in Refs. [1, 2]. 

In order to introduce pseudo-tensor interactions of rank 0, 1 and 2 into the 5- 
dimensional Gahlean theory, we need a gamma-6 matrix (which corresponds to the 
gamma-5 matrix in the usual (3 + 1) Minkowski space-time) obtained by dimensional 
reduction from the (5 + 1) Minkowski space-time to the (4 + 1) Minkowski space-time 
with light-cone coordinates. 

Let F'^ and 7'' be 8 x 8 gamma matrices in the 5-dimensional Galilean and 
Minkowski space-times, respectively. They transform as the contravariant vectors 
in each space-time. Therefore, we have 

r = 7, 

r^ = ^(7' + 7°), (23) 

r' = 73(-7^ + /)- 

The gamma-6 matrix may be taken as 

where anticommutes with T^. Note that neither 7172^3^4^0 ^^j. pip2p3p4p5 
ticommute with the F'^s, which satisfy the Chfford algebra: 

The parity matrix U may be expressed by 

n = 74^5^0, 

and satisfies the relations 

nr^ + r^n = o, (A; = 1,2,3), 
YiY'i _ = 0, 
np5 _ p5n ^ Q_ 



These equations are equivalent to imposing the condition given by Eq. (10). 

Since, in the 5-dimensional Galilean space-time, the dimension of algebra is 2^ = 
32, then we take thirty- two independent gamma matrices given by 

where S^j, is defined by 

s^, = i(F^r,-r,r^). (24) 

These F-matrices satisfy the relation: 

'IV(F^Fb) = SS^j,. (25) 
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Since the F'^s are linear combinations of and = 7^, we have 
Thus we find 



where 



^ +1 forC,F%,C, 

^ -1 forF6C,F^C,iF6F^C,E^,a 



(26) 
(27) 



4.1 The Dirac-type equation in the PauH representation 



In the 5-dimensional Gahlean space-time, the Dirac-type equation for massless fields 
can be cast in the following form: 



A{d)ip{x) = 0, 



(2^ 



with 



A{d) = -V^d^, 

where the wave function is an 8-component spinor. The adjoint equation to Eq. (28) 
is given by 

and 

Also, we use 



V^(x)A(- d) = 0, 
ijj{x) = ip\x)ri. 

77 = i^(F^ + F5) = i70, 



(29) 



^/2' 

which agrees with Eq. (11). Here, we have imposed the relation: 

[r]K{d)]^ = r]K{-d) . 

For the fifth component of the derivative 9^, we have the relationship ^5 = — im, 
which implies the ansatz 

V'(x) = e-^"^^V(x,i), 



or, in the matrix form. 



U2{x) 



( Ml(x,t) \ 
M2(X, t) 
M3(x,t) 
\ M4(x,t) j 



where life(x) and iife(x, i) {k — 1, 2, 3, 4) are two-component spinors. 
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The Galilean F-matrices can be expressed in terms of the 7-matrices in the (5 + 1) 
Minkowski space-time. By using Eqs. (7), we obtain the Dirac-type equation in the 
Pauli representation. If we write it out explicitly, we have 



iao['Ui(x,i) +ii3(x,i)] = -— A['Ui(x,i) +W3(x,i)], 



ido[u2{x,t) -U4{x,t)] = -—A[u2{x,t) -U4(x,t)], 

zm 



with 



Ui{x,t) -U3{x,t) 
Ii2(x, t) +U4{-X,t) 



V2m 
1 



m 



a ■ V[w2(x, t) - ■U4(x, t)] 
a ■ V[wi(x, t)+U3{x,t)] 



It is convenient to introduce the orthogonal matrix R: 





(I 





I 





\ 


1 





/ 





/ 






/ 





-/ 











I 





-/ 


/ 



V2 



We can utilize this matrix to rotate V'(x, t) in the form: 

*(x,i) = Rip{x,t). 
Written explicitly in matrix form, it reads 



f/2(x,t) 
t/3(x,t) 
V t^4(x,t) / 



1 

7! 



/ ?il(x,t) +M3(x,t) \ 

n2(x, t) + ■U4(x, t) 

Ml(x,t) - M3(x,t) 
\ M2(x,t) - M4(x,t) J 



Therefore, we obtain from Eqs. (30) to (31) that 



idoUi{x,t) 



t/2(x,t) 



■^A^.(x,t), 



-cr- VC/i(x,t) , 



rn 



C/3(x,i) = _— (7- V C/4(x,i) , 



i9oC/4(x,i) = -— AC/4(x,i) . 
zm 



(30) 



(31) 



(32) 



(33) 



(34) 



This result shows that the 5-dimensional Galilean matrices can be obtained by using 
a similarity transformation which involves the orthogonal matrix R . 
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4.2 Explicit forms of the Galilean gamma matrices 

Consider the Dirac Lagrangian, written as 

C{x) = ip{x)A{x)ip{x), 

where 

A{d) = -V^d^. 

The hermiticity of the Lagrangian leads to the condition given by Eq. (13). This 
Lagrangian becomes 

where ^ is given by 

and A is defined as 
Note that 



C{x) = ^(a;)A(9)^(a;), (35) 

*(x) = e-'"*^'*(x,i) = e-^"^^'i?V'(x,i), 

A{d) = RA{d)R-\ (36) 



R — R^ — R ^, 
Therefore, it follows from Eq. (36) that 

f = RVR-^ , 

f] = Rr]R-^ . 

The Dirac-type equation is obtained from the Lagrangian given by Eq. (35): 

A(9)*(x,i) = . (37) 

If we express the Galilean gamma matrices in the Pauli representation, then the 
Dirac-type equation (37) leads to Eqs. (33) to (34). 

Explicit forms of the Galilean gamma matrices are given by using the Pauli rep- 
resentation as follows: 



pfc 



/ n (7fe \ 

-CTjfc 

-CTfc 
\ ^ n "4x4 I 



(^ = 1,2,3), 



©4x4 

/ 
\ 



\ 
/ 







4x4 



16 



/ 



04 



x4 





V / 



I \ 








4x4 



Moreover, we find 



©4x4 

/ 

V / 



-I 
-/ 







4x4 



I \ 
I 







pi- 



I 



4x4 
04x4 

/ 
/ ) 



\ 



= -P3 



( 

^4x4 

-\I 
\ i/ 



-i/ \ 
i/ 







4x4 



Here we have replaced f f ^, 77 and ft by F^, F^, 77 and 11, respectively. It should be 
noted that the matrix F^ is block diagonal. 
The chirality operators may be defined as 



^(i±r«). 

They are block diagonal, and the chiral eigenstates are given by 

V'±(x) = -J=(iTnv'(^). 



5 Construction of wave functions for the Dirac- 
type equation 

The main advantage of employing a 5-dimensional Galilean covariant theory is that 
wc can perform many calculations in a way analogous to the relativistic treatment. In- 
deed, many of our non-relativistic equations have the same form as the corresponding 
equations in relativistic quantum theory, except that they are written in a manifestly 
covariant form on the (4 + 1) Minkowski space-time. 
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Let and be contravariant vectors in the 5-dimensional Galilean and Minkowski 
space-times, respectively. Then they are written as 



with 



pO=-^(m + E),p4 = i=(m-^), 



(38) 



where we have used Eq. (22). Moreover, if we impose the conditions 



and 
we find 



m. 



— p-p + m. 

2m 



We find a similar expression for 



P 



'° = Vp • P + (P^)^ + «m ^ = 7^ P • P + «m- 



2 



When we perform the reduction from the 6-dimensional to the 5-dimensional 
Minkowski space-time, the Lorentz boost, Eq. (14), becomes 



4\ _ iP^ l^m 

" ^2Km(p° + Km) 



I 



j'{p-J + pV) = L-\-p,-p'). (39) 



The Galilean transformation matrix is obtained by substituting Eq. (23) into Eq. 
(39): 



L{p,p') 



1 



■\/2Km{p^ + Km) 

Hence we find 
where 



(/ + kJi - ^{T' + r')p ■ r - ^(-r^r^ + r'T')p' 



-■■ G{P). 



(40) 



Z\{P) = i^r^^' + 

zMp) = 



G-\p) G{P) = Z^^(P)r'' , 

pipk 2P' {E + m)P' 



m{E + 3m)' E + 3m' m{E + 3m) 
2P^ 4m E - m 



E + 3m' E + 3m' E + 3m J ' 
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{E + m)P^ E-m {E + m) 



jn{E + 3m) ' E + 3m' m{E + 3m) 
The transformation coefficients Z^^^ lead to 

By noticing that 

d{ip) = -(i7 -p-Km)^ -(ir -P-Km) =: D{iP) 

we find 

G-\P) D{iP) G{P) = 
We can prove the following relations: 



(41) 



(I + rj)G^(P)rj^{I + rj)G-\P), 

where we have used 

r]G\P)r]^G-\P), 

with 1] defined by Eq. (29). If we choose the Pauli representation for gamma matrices, 
then Eq. (41) shows us that the Klein-Gordon divisor in the 5-dimensional Galilean 
space-time is diagonalized by the Galilean boost, Eq. (40). 

Following the prescription developed in section 3, we can construct wave functions 
for the Dirac-type equation: 

-(i7 - P + KmW''\p,p') = -{ir-P + Km)U^'-\P) = , 

where the matrices are given by Eq. (23), in the Pauli representation. The wave 
functions then take the form: 



r 
I a 



- ^ V(^^H(^.3H [(-ir-p + .ji(i + ,)5(P)S3], 

K'vt\P) = ~¥'^v^\P), 

\iV-P + Km) i(I-r/)5(P)S3C' 



(42) 



2 ^(E+m){E+Zm) 

v^''^^{P)h^ = -|e('-)lj('-)"(P), 



C'-%5(P)|(I-?7)(ir-P + «^) 



(43) 



m) 

where the charge conjugation matrix C is given by Eq. (21). These wave functions 
are given explicitly in appendix D.2. 
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6 Concluding remarks 



The general idea allowing a covariant treatment of non-relativistic theories is to per- 
form a dimensional reduction from (4 + 1) Minkowski space-time. However, this 
prevents the existence of parity operator, since the 7^-like matrix has no analognc 
in odd-dimensional space-time. Therefore, in this article, we start with a (5 -|- 1) 
space-time. 

An 8-dimensional realization of the Clifford algebra in the 5-dimensional Galilean 
space-time is obtained by reduction from the 6-dimensional to the 5-dimensional 
Minkowski space-time which encompasses Galilean space-time. The solutions to the 
Dirac-type equation in the 5-dimensional Galilean space-time are shown explicitly in 
the Pauli representation (see appendix D.2). The chiral eigenstatcs are also obtained 
by rotating the solution just mentioned above by means of Eq. (32). 

Consider an inverse Galilean transformation, obtained by substituting the direc- 
tion (p.p^) with (— p, —p^). Then we can derive the Galilean boost from the Lorentz 
boost, Eq. (39), 

L-\-p,-p') = L{p,p')=GiP), 



and hence 



where 



It should be mentioned that F"^ and are interchanged by substituting p'^ with —p^ 
Thus, in the massless limit, we find 



limZ/(P) 

m— »0 





1 










o\ 







1 


















1 


















1 





I 








iy-v 


1/ 



which is exactly the proper Galilean transformation. 

The construction presented in this article allows a definition of a parity operator 
as well as a chirality operator. We have included important information related to 
the Clifford algebra, such as the commutation and anticommutation relations, trace 
formulas and the Fierz identities, in the appendices A, B and C, respectively. A 
reduction to the (4-1-1) Minkowski space-time that encompasses the Galilean space- 
time is deduced. 

Now the necessary developments to treat Galilean covariant theories for applica- 
tions to problems like /3-decay and to develop a theory like the Galilean version of 
the Nambu-Jona-Lasinio problem are possible. 
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A Commutation and anticommutation relations for 
the gamma matrices 



Hereafter, we provide lists of commutation and anticommutation relations for the 
gamma matrices. Section A.l contains these relations for the 8x8 representations 
discussed in section 2.1, for the (5 + 1) Minkowski space-time. The corresponding 
relations for the 5-dimcnsional Galilean space-time F-matrices, introduced in section 
4, are given in section A. 2. 



A.l The (5 + 1) Minkowski space-time 

The quantities encountered hereafter are defined in section 2.1. The matrices E' 
are described at the end of the present section. 

[7^71 = 27 V, 

[7^i7V] = 2i7^ 

[7', <y^^ = 0, 

[7^7V1=0, 
[7^ a^^""] - 27V^'^^ 
[7^ 7l = 2ia'^^ 
[7^i7V] = -i7'{7^7'^}, 

[7^7V1 = -7'{7^<7'^'^}, 

[7^a^^ = -^e^^'^''^V{7^^p.r}, 

D 

[i7V,i7V] = [7^7l, 
[i7V,<^n=i7'[7^^'^1, 
[i7V,7Vl=i7'{7\^'^'^}, 

[i7V,c^^''1 = i7^{7'',(^^''''}, 

K^7V'^] = 7'K^o, 

[aP", a^p""] = 2i[(c/^''a'"^^ - g^'^aPP'') + {gPPa""^ - g'^aP''^)^ 

+ {g''Pa''^p - g^^aP^p)], 
= -|e^'^'^""''K^a,g7^ 
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a' 



{7^a^ = 27v^ 

{7^7V^} = 2a'^^ 
{7^7'^} = 2g^% 

{i7V,i7V} = {7",7^}, 

{a'"',aP^} = 2(E[^'^1[^"1 + ie^^^"^'V^^7^) , 
{a^^7V"} = 7^{a^^o-^"} , 

{7V'^^7V''"} = {(T^^a""} , 

{7V",(T^'^^} = 7^[(7'"'(7^'^''] , 

^^Xnu^ ^par^ ^ |[2(^^^cT<"^ + g^^d^P + g^^ (Tp'')a'"' + 
+2(^^^a^^ + g^'^a^P + ^''^f7^'")(7''^+ 
+2(^'^^a'"^ + g'^'a^P + g''^aP'')a^^'] 
-ii[7^7^(e'"^^'^^«(T'^^^ - e'"^^'^^«(T''^^) + 

The matrices ^ 1 are defined by: 

Y^[nu][pa] _ glJ-Pg"^^ _ gP^gP^ , 

eM[^H = [gp^g'^p - g'^^gPP)^ + {f^g'''' - g^'^gm^ + (^?^'^^?'^" - g""" f^)Y , 

J^[XHl'][paT] _ ^gXPgfW _ gXagfip-^^UT ^gXffgflT _ g XT g P (^gXT^^P _ ^ ^ //T i/<T _|_ 

+{gppg^'' - g^''g''P)a^^ + {g^^g"^ - g^^g'"')a^'' + [g^'^g'"" - g^'Pg''^)a^''+ 
+{g''pg>^^ - g'^'g^P^aP^ + {g^^'g^^ - g""^ g^^^app + {g^'^g^p - g^'pg^^^ap" . 
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A. 2 The 5-dimensional Galilean space- time 

The quantities described in this appendix are described in section 4. The matrices 
E''^ are defined in Eq. (24). 

[r^ r'^] = 2r^r'^, 

[r^ir^r'^] = 2ir'', 
[r^ E^ = 0, 
[r^, T^w] = 0, 
[r'', r'^] = 2iE^'^, 
[r^,ir^n = -ir^fr^^, r^}, 

[r^, r^E'''^] = -r^{r^, w}, 
[•p6pM^ir6r^] = [r'^,r], 

[ir^r", E'^^] = ir^fr^E'^^], 

[ir^r^.r'^En = -i{r\E'^^}, 

pM^^ E^'"] = 2i(77^'"E^'' - r]''fj:'"' - 7]"^!:^'' + rfTr^"), 

[E^^,r^E^'"] = r^[E'''^,E^'"], 

Jp6j.M^^ p6^paj = [E'''^,E'"'], 
|p6^pM| _ 

|p6 -pepMj. ^ 0, 

{r^E'^'^} = 2r^E'''', 
{r^ r^E'^'^} = 2E'''', 

|pM^jp6pi/| _ -ir6p,r'^], 

{r^, E'^^} = i(r^r'T'' - r'^r'^r^), 

|pp^p6^pz.| _ _r6[r'',E^^], 
Iip6pp^ ip6pz.| _ {r^^r'^}^ 
ljp6pA^^pz.| _ ir^jr^E^^}, 
|jp6pp^p6^p^l = -i[r^En, 

|j^(Ui/ _ ^pppi^po-pp _j_ pppo-pi/p/i-j _ 2^M''^P0- 
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B Traces of the gamma matrices 



In this appendix, we give lists of traces involving the gamma matrices. The 7-matrices 
defined in section 2.1 for the (5 + 1) Minkowski space-time are given in section B.l, 
and the F-matrices of section 4 for the 5-dimensional Galilean space-time are in B.2. 

B.l The (5 + 1) Minkowski space-time 

Tr(7w---7Mn) = 0, for n odd, 

Tr(7^7^) = 8 g^^, 
Tr(7/,7^7p7<,) = 8 {g/^^gpa - gupg^a + 9tMj9yp), 

'^{l\l^llulplcTlT) = ^[{gxtiQup - gxugfip + g\pgtiu)gar - gxpig^agur - 9ixT9ua) 
—{9\p9ua — gxugpa + gxagpv)gTp — gxaig^rgup — g^pgur) 
+{gxpguT - gxugp,T + gxTgpu)gpa - gxrig^ipgua - gf^agup)], 

Tr(7') = 0, 

Tr(7^7Mi • • • 7Mn) = 0, for n odd, 
'n-(7'7M7.) = 0, 
Tr(7^7^7^7p7^) = 0, 

Tr(7^7A7M7i^7p7a7r) = -8ex^,i.p,7T, 
Tr{<^pu) = 0, 
TY{axpu) = 0, 
Tr(o-^,.(Tp^) = 8{gf,pg„a - 9p.a9up), 
Tr{axi^cr^p(JaT) = 8i[{gxrgpu - gxugpT)gpa - {gxag^u - gXugpa)9rp 

-9Xp{9,xa9 ) + 9ixp{9ua9XT - 9uT9Xa)], 

g 

T^{crXp.u<7paT) = 2 [9\pi9p.a9uT - 9pT9ua) + 9Xa{9nr9up - 9i^p9ut) +9XTi9np9ua - 9na9up)], 

Tr(7 Cr Xjxi/^ par^ ^^Xp.upar i 
Tr(7^C7Ajn(7,,pCr(^-r) = -8iexp,vpaT ■ 
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B.2 The 5-dimensional Galilean space- time 



Tr(r^^ • • • r^„) = 0, for n odd, 

iv(r^r,) = 8rj^,, 

Tr(r^r^rpr^) = S{r]^y'qp„ - r]fj,pr]ua + VnaVup), 
Tr(r^) = 0, 
Tr(r%,---r^J = 0, fornodd, 

Tr(r6r^r,) = o, 
iv(r6r^r,rpr,) = o, 

C Fierz identities 

For later convenience, let us first introduce the following two quantities: 

(44) 

[7^ iXJ^'^ - - (7^).t (7^)«? - (7^)«t (7^)a? + (7^)«';H7^)«?]- 

(45) 

Prom the definition in Eq. (44), we find the following properties: 

\ I II J a\a2 \ I ' ' Ja\a2 ' 

(ryA , B C^ 0102 ^ ( A 0i02 , ( B 0i02 

(ryA B^ 7172 C^C D^ 0i02 ^ - WryA C B D^ 0^02 , I^A D R Cn /3i/32l 

W ' / ^0102 V / ' / /7172 2 ' ' ' ' )Q.\a.2 ' \ l I II I )o.\Q.2 J" 

Similarly, from Eq. (45) we find: 

r A Si 0x02 ^ \ B Ai 0102 
LI 11 \a\a2 I ' ' ' \a-1a2 ' 

\ryA , B Cl 0x02 ^ r^A Cl 0x02 , r^B ^Cl 

L / ^ I II \axa.2 L / ' / \a.xa.2 ^ L / ' / Jaia2 ' 

\ A B^ 7172 r C Di 0x02 ^ h\^A C b D^ 0x02 _ \ A D B C^ 0x02\ 
VI II \axa2 L' ' ' J7172 2 ' ' ' ' \axa2 ii 111 I \axa2 r 

Also, the indices admit the following symmetry properties: 

(7^ 7^).,.f = (7^ 7^).2.?'^ = (7^ l^).x.!^'\ (46) 
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[7^ I'^LJ''^ - -[7^ iXJ-'^ - -[7^ iXJ-'-. (47) 

The prime Fierz identity comes from the expansion of the identity operator 1^102^^"^ 
in terms of (7^C)aia2 and {C-^-fB)f^'f^^: 

la J''' - SJl^S£' = Y.CA''{l^CUUC-'lBf^'^. (48) 

A,B 

The coefficients ^ are determined by using the relation 

il^CUiC-'^Bf'^ = IV(7^b) = 85^ ^ . (49) 
With the operator -^{C^^^ a)"'^"^ {l^ C) fj^fj^ acting on Eq. (48), we obtain 

Ca^ = ^{C-'^Ar-^h''C),,,,6Jl^6Jl^ = ^5^^ . 

Hence 

'^af C = I E(7^^)aia.(C-SA)^^^^ . (50) 

This is the prime Fierz identity in the (5 + 1) Minkowski space-time. 

Since the relationship (49) holds if we replace with [see Eq. (25)], we can 
obtain the Fierz identity in the 5-dimensional Galilean space-time: 

= I Y.i^^'cUa.ic-'rAr^^^ . (51) 

^A 

It should be noted that the Galilean gamma matrices F'^ are expressed in terms of 
7"^s, so that the relationships (44) to (47) also hold for F'^s. 

Recalling Eq. (8) and Eq. (9), we derive from the prime Fierz identity (50) that 

+ <^^«f) = (I'IUr^ 

- |[(C)„,„.(C-i)«^^^ + i(7V^^C)„,„,(C- (52) 



+ i(a>-C)«,«,(C-VA^.) 



P2P1] 



0102 
02 ' 



- \[{i'cUo.2{c-WY-'' + in'C)^,.2ic-'-u)^^^p^+ (53) 

+ (i7^7'^C^)a,a.(C^-M7V)^^^^ + W''C)^.a2{C-''y,.) 



Similarly, we obtain from Eq. (51), together with Eqs. (26) and (27), that 

(54) 
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Pi 132 



(55) 

Further Fierz identities follow from Eqs. (52) and (53): 



( A B\ 13-1132 



IQ.\Q.2 



\ A B^ PiP2 



+ ^[eB(7^<^"'VC)aia. + eA(7^<^'^VC)aia,](C-VA^.)'^^^i , 

+ ^[eB(7V7^C')„,„, +e^(7^7'^7^C'),,,,,,](C-i7,)^^^^ 

+ ^[es(7^i7V7^^^)a.a. +eA(7^i7V7^C7)„,„,](C-M7V)^^''^ 

+ ^[eB(7^^^'^'^7''C')aia. + 6A(7''^'^VC)aia.](C-V^,)^^^i . 



Similarly, from Eqs. (54) and (55), we have 



(r^,r^) 



B\ 01(32 
a\a2 



[r^, r^] 



aia2 



= 3^[eB(r^r6r^c)«,«, + eA(r^r6r^c)«,«,](c-ir6)ft/3i 
+ ^[eB{T^r^r^c)^,a2 + eA{T^T^^T^c)^,^,]{c-'r,f-f'^ 
+ ^[6B(r^ir6r'^r^c)«,a, + 6^(r^ir6r^r^c)„,„,](c-Mr6r^)ft^i 



+ ^[eB(r^s'^-r^c)„,„, + e^(r^E'^-r^(:7),,,,](c-iE^.)/3^/^i . 



D Explicit forms of the wave functions 

In this appendix, wc display the wave functions explicitly, in both the (5+1) Minkowski 
space-time (appendix D.l) and in the 5-dimensional Galilean space-time (appendix 
D.2). 



D.l The (5 + 1) Minkowski space-time 

The wave functions are given by Eqs. (19) to (20). Their explicit expressions are 
given below. 



u 



(1), 




( 



1 





v/2(l + n3) V + i 



1 + 



V2(l + ^') 



(l+n^,n^-in^ 



2pO 



1,0, 



-n 



+ m ' p° + m 



—1 



27 



Ip^ + m 
2p0 



1 



IpI ^4 



V2(TT 



3^ V 1 + 



3 



(-n^-in^, l+n^)c 



2p' 



n , — ^ (1 + n ) 



,0 \ ' ' pO _|_ ' pO _|_ 



2pO 



IpI ( 





1 

^— i + 

M_^4 



a/2(TT^ 



1 + n-^ 



2p' 



,0 



+ m 



2p0 



/ \ 
1 



_M_^4 



V2(l + n3) V 1 + ^' 



.3 



TiW(p,p") = -=i 



72(1+^ 



2p' 



,0 



0,l,-^r^(-i + n5), J^n- 



vW(p,p'^) 



Ip" + m 



2p0 



^^4 



p^+m 



1 



.3 



j(^)(p,p«) 



1 . 2 3N^ /p'J + m / p 4 IPI 

-n — m , 1+n j® W — ^-^^ — I n 



2p° yp'^ + m ' p° + m 



(i + n^),-l,0 
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Ip^ + m 
2p0 



IpI 



-1 





i + n^) 



1 / l + n^ 



'P' -n\-^r^(-i + n^),l,0 



2p0 \^ pO _|_ ' pO _|_ 



Ip^ + m 
2pO 




1 



V2(l + n3) V 1 + 



■ n' 



3 



a/2(TT 



(-n -m^, l+n'')(F' ' ' ' 



9 \ 0^ (-l + r^^),-^^r^^O,-l 
2pu \^pu _|_ pu _|_ 



/^)(p,p«) 



Ip" + m 



2p0 



IpI 




^/2(TT^ 



1 + n 



3 



Ij(^)(p,p«) 



V2(l + n3 



where we have used the notation 



I p^ + m 



iPl 



2p0 \ pO _|_ ^ ' pO _|_ ^ 



n' 



a ^ 



(a = 4, 5). 



D.2 The 5-dimensional Galilean space-time 

In this subsection, we give exphcit forms of the wave functions given by Eqs. (42) 
to (43). The symbol P is a shorthand notation for the 5-momentum defined in Eq. 
(38). 



u 



(i)(P) 



1 E + 3m 



y/2\ E + m 



( 1 \ 



E-m 
E+3m 
■o y/m(E-m) 
E+3m 



1 I / ) 



3^1 \ n + m 
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u 



(1)(P) 



1 lE + Sm f E-m . ^m{E - m)\ 
E^m I ' '£; + 3m'^ ^ + 3m J' 



/ 1 \ 



1 E + 3m 



V2V -E + m 







E+3m 



^/2(T+ 



1 + n' 



3 



E+3m 



U 



19 Qs 1 I E + 3m I E — m \/m(E — m)\ 
' V2V E + m y - ■ E + 3m' E + 3m J ' 



( 



u 



1 E + 3m 



V^V E + m 



-i2 




1 

^/ m{E—n 

E+3m 

E—m 



72(1+7?) 



1 



E+3m 



^Z(3)(p) = ^^^^(l+^3^^1_i^2)^ 1 /i? + 3m 



E + m 



( Jm{E-m) E-m \ 

1^ ' ' E + 3m ' E + 3mJ' 



( 



1 E + 3m 



i2 




1 

^ 'm(E—'m) 

E+3m 
E—m 



— + in^ 



1 + n' 



3 



E+3m 



(4)(p) 



-n 



9 1 E + 3m ( JmiE - m) E - m\ 

in^.lW)® 0,l,i2-^^— ^— — — , 

V2V E + m ' E + 3m ' E + 3mj' 



1 lE + Sm 



E—m 
E+3m 



^^ x/m{E-m) 
E+3m 
1 

V ) 



—n} + i-n? 



n3 



jW(P) = 



10 ^^ 1 E + 3m / £;-m ^.JmiE - m) 

v^V £^ + m I £^ + 3m' £^ + 3m ' ' '' 



30 



E—m 



1 E + 3m 
VlV E + m 



-2i 



E +Sm 
. m(E—m) 



\ 



E+3m 
-1 



a/2(TT^ 



1 + 



V J 



^^"72(1+^^^ ' '""^^ E + m [E + 3m'^' E + 3m '^'"j 



1 + 3r/i 



m 



E+3m 
E—m 

E+3m 





V2(l + n3) V 1+^ 



,3 



^2(1+^ 



1 , I IE + 3m f JmiE - m) E-m 



E + m \ E + 3m ' E + 3m 



,0,-1 



1 E + 3m 
V2V ^ + m 



E+3m 
E—m 

' E+3m 



-1 



72(1+7^ 



1 + 



/A^/ s 1 / 9 1 9s 1 IE + 3m I \/ m(E — m) E — m 

^2(1 + n3) ^ ^ \/2V ^ + m \^ E + 3m E + 3m' ' 

It is important to remark that the solutions in subsection D have well-defined 
massless limits. 
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